Abstract. Let F be a field, 01, a 2 € F, K € {R, €}, s £ K\{0,1}, X be a linear space over F, S C X be nonempty, and Y be a Banach space over K. Under some additional assumptions on S we show some stability results for the functional equation In what follows N, R, and C denote as usual the sets of positive integers, reals and complex numbers, respectively. Throughout the paper we assume that K is either R or C. Moreover, for a function k mapping a nonempty set S into S we write k°(x) = x and fc n+1 (x) = k(k n (x)) for n G N U {0}, 
(1) Q (aix + a 2 y) + Q (a 2 x -aiy) = (a? + 4) [Q(x) + Q{y)}
in the class of function Q : X -> Y. After the Euler-Lagrange identity (see [7] , p. 756) the equation has been named by him the Euler-Lagrange functional equation. In this paper we generalize some of his results and complete them. In particular, we consider a conditional version of the equation (cf. [14] ).
In what follows N, R, and C denote as usual the sets of positive integers, reals and complex numbers, respectively. Throughout the paper we assume that K is either R or C. Moreover, for a function k mapping a nonempty set S into S we write k°(x) = x and fc n+1 (x) = k(k n (x)) for n G N U {0},
xeS.
Motivated by P.Volkmann (private communication and his talk at the 42nd International Symposium on Functional Equations (Opava, The Czech Republic, 2004)) we start with an auxiliary result concerning stability of a functional equation of a single variable (cf. [1] and [2] ).
PROPOSITION 1. Suppose S is a nonempty set, k : S -> S, Y is Banach space over K E {R, C}, A G
and oo (3) H{x) := {¿(x)) < oo ¿=o for every x G S. Then for every x G S the limit
n-• oo exists and G : S -> F is the unique function such that
Proof. First we show by the induction that, for every n € N,
From (2) it follows that (7) holds for n = 1. Suppose that (7) holds for some n G N and replace x by k(x). Multiplying both sides by |A| we obtain
and consequently (7) holds with n replaced by n + 1. Thus we have shown that (7) is valid for every n G N. Take i G N. From (7), by the triangle inequality, for every j G N U {0}, we get
xeSt=j
Since, by (3), YltLj | A|*/z (fc t (x)) -> 0 with j -> oo, choosing sufficiently large j we can make the expression
Thus we have shown that {A n f{k n (x))} is a Cauchy sequence. So the limit (4) exists for every x G 5. To show that G : S Y satisfies (5) notice that if we replace in (2) x by k n (x) and multiply by |A| n then we get
Letting n -> oo, by (3) we get (5). Condition (6) follows from (8) with
For the proof of uniqueness suppose that a function Gi : S -* Y satisfies (5) and (6) . Then for n G N,
• LEMMA 1. Let F be a field, K G {M, <C}, X be a linear space over F, Y be a Banach space over K, ai, a2 G F, s G K\{0,1} and m := a 2 + a 2 ^ 0. Let S be a nonempty subset of X such that
and ip : S x S R. Suppose that f : S -> Y satisfies (10) ||/ (aix + a2y) + f (a2x -axy) -s[f(x) + f{y)] || < <p(x, y)
for every x,y G S with aix + a2y, a2x -aiy G S. Then, for every x G S,
where ho(x) := ip{a\x,a2x) + |s|y?(x,0) + j^z^J ¥>(0,0).
Proof. Putting in (10) x = y = 0 we obtain 11/(0) 11 5 Taking in (10) y = 0 and multiplying by |s| we have
for every x G S. Next, if we replace in (10) x by a\x and y by a2x, we get
for every x G S. Consequently, from (12) and (13) we simply derive
and finally, for every x G S, 
where hi(x) = jjp-/io(x) and h-i(x) = ho (^x).
Proof. By Lemma 1 condition (2) holds with A = s~2 e , k(x) = m £ x and h = h £ . Next, from Proposition 1 we obtain that the limit From Theorem 1 we obtain the following generalization of the results in [7] and [13] , where only the real case has been considered. Proof. Notice that, for |s| > 1 and </? = c we have 
/ (alX + a2y) + / (a2x -alV) -s[f(x) + f(y)}\\ < c for every x,y £ S with a\x + a2y,a2x -a\y € S. Moreover, assume that, in the case |s| < 1, ^x € S for x € S. Then there exists a unique function Q : S -> Y satisfying (1), for every x,y G 5 with a\x + a2y, a2x -a\y £ S, and such that
|2-2s| v^ 1 r \S* -1 ¿2 Tin. V a2m n x) + |s|</? (m n x, 0) + -^77^(0,0) V-1 / , , W -1 \\ L , , -1 \ - 1 E 17127 c + \s\c + ---c = c 1 + \8\ + ^ _ < OO i=0\s\*\ 11 \2-2s\ J V 11 \2-2s\J^\Sl
WW-ZWI^i + W + ^f)-^"
If we take, in Corollary 1, a\ = a 2 = 1 and consequently s = 2, we get a result on stability of the quadratic mappings, corresponding to the outcomes in [3] (however in our case with worse estimation) and in [14] . In the case where F = K = R, S = X, s = 2, and ai = a 2 = 1 (and consequently m = 2) the statement of Corollary 2 has been proved in [6] 
